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Abstract: Positive frequency Wightman function, vacuum expectation values of the field

square and the energy-momentum tensor induced by a Z2-symmetric brane with finite

thickness located on (D + 1)- dimensional AdS background are evaluated for a massive

scalar field with general curvature coupling parameter. For the general case of static plane

symmetric interior structure the expectation values in the region outside the brane are

presented as the sum of free AdS and brane induced parts. For a conformally coupled

massless scalar the brane induced part in the vacuum energy-momentum tensor vanishes.

In the limit of strong gravitational fields the brane induced parts are exponentially sup-

pressed for points not too close to the brane boundary. As an application of general

results a special model is considered in which the geometry inside the brane is a slice of

the Minkowski spacetime orbifolded along the direction perpendicular to the brane. For

this model the Wightman function, vacuum expectation values of the field square and

the energy-momentum tensor inside the brane are evaluated as well and their behavior

is discussed in various asymptotic regions of the parameters. It is shown that for both

minimally and conformally coupled scalar fields the interior vacuum forces acting on the

brane boundaries tend to decrease the brane thickness.

Keywords: Field Theories in Higher Dimensions, Large Extra Dimensions.

c© SISSA 2007 http://jhep.sissa.it/archive/papers/jhep082007063/jhep082007063.pdf

mailto:saharian@ictp.it
mailto:aram.mkhitaryan@googlemail.com
http://jhep.sissa.it/stdsearch


J
H
E
P
0
8
(
2
0
0
7
)
0
6
3

Contents

1. Introduction 1

2. Wightman function 3

2.1 Model 3

2.2 Eigenfunctions 4

2.3 Wightman function in the exterior region 6

3. Model with an infinitely thin shell on the brane boundary 8

4. Vacuum expectation values outside the brane 10

4.1 VEV of the field square 10

4.2 Vacuum energy-momentum tensor 11

5. Model with flat spacetime inside the brane 13

5.1 Exterior region 13

5.2 Interior region 15

6. Conclusion 21

1. Introduction

Recent proposals of large extra dimensions use the concept of brane as a sub-manifold

embedded in a higher dimensional spacetime, on which the Standard Model particles are

confined (see, for instance [1]). Braneworlds naturally appear in string/M-theory context

and provide a novel setting for discussing phenomenological and cosmological issues related

to extra dimensions. The models introduced by Randall and Sundrum are particularly

attractive. In RS 2-brane model [2] the corresponding background solution consists of two

parallel flat 3-branes, one with positive tension and another with negative tension embedded

in a five dimensional AdS bulk. The fifth coordinate is compactified on S1/Z2, and the

branes are on the two fixed points. It is assumed that all matter fields are confined on the

branes and only the gravity propagates freely in the five dimensional bulk. In RS 1-brane

model [3] there is only one positive tension brane in a five dimensional AdS bulk. This

model is obtained from 2-brane one by sending the negative tension brane to infinity. Due

to the warp factor in the AdS metric the infinite extra dimension gives a finite contribution

to the volume. More recently, alternatives to confining particles on the brane have been

investigated and scenarios with additional bulk fields have been considered.

Motivated by the problems of the radion stabilization and the generation of cosmo-

logical constant, the role of quantum effects in braneworlds has attracted great deal of
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attention [4]–[42]. A class of higher dimensional models with compact internal spaces is

considered in [43]. Many of treatments of quantum fields in braneworlds deal mainly with

the case of the idealized brane with zero thickness. This simplification suffers from the

disatvantage that the curvature tensor is singular at the brane location. In addition, the

vacuum expectation values of the local physical observables diverge on the brane. From a

more realistic point of view we expect that the branes have a finite thickness and the thick-

ness can act as natural regulator for surface divergences. The finite core effects also lead

to the modification of the Friedmann equation describing the cosmological evolution inside

the brane. In particular, a phase with accelerated expansion on the brane can be obtained

in the model with pressureless matter as the only non-gravitational source in the modified

Friedmann equation. In sting theory there exists the minimum length scale and we cannot

neglect the thickness of the corresponding branes at the string scale. The branes modelled

by field theoretical domain walls have a characteristic thickness determined by the energy

scale where the symmetry of the system is spontaneously broken. Various models are

considered for a thick brane (see, for instance, [44] and references therein). Mainly, these

models are constructed as solutions to the coupled Einstein-scalar equations by choosing

a suitable potential for the scalar field. Vacuum fluctuations for a simple thick de Sitter

brane supported by a bulk scalar field with an axion like potential and the self-consistency

of this braneworld are investigated in refs. [40].

In the present paper we investigate the effects of core on properties of the quantum

vacuum for the general plane symmetric static model of the brane with finite thickness.

The most important quantities characterizing these properties are the vacuum expectation

values of the field square and the energy-momentum tensor. Though the corresponding

operators are local, due to the global nature of the vacuum, the vacuum expectation val-

ues describe the global properties of the bulk and carry an important information about

the internal structure of the brane. In addition to describing the physical structure of

the quantum field at a given point, the energy-momentum tensor acts as the source of

gravity in the Einstein equations. It therefore plays an important role in modelling a self-

consistent dynamics involving the gravitational field. As the first step for the investigation

of vacuum densities we evaluate the positive frequency Wightman function for a massive

scalar field with general curvature coupling parameter. This function gives comprehensive

insight into vacuum fluctuations and determines the response of a particle detector of the

Unruh-DeWitt type moving in the brane bulk. The problem under consideration is also of

separate interest as an example with gravitational and boundary-induced polarizations of

the vacuum, where all calculations can be performed in a closed form. The corresponding

results specify the conditions under which we can ignore the details of the interior structure

and approximate the effect of the brane by the idealized model. In addition, as it will be

shown below, the phenomenological parameters in the zero-thickness brane models such

as brane mass terms for scalar fields are calculable in terms of the inner structure of the

brane within the framework of the model considered in the present paper.

The plan of this paper is as follows. In section 2 we consider the Wightman function in

the exterior of the brane for the general structure of the core assuming that the components

of the metric tensor and their derivatives are continuous at the transition surface between
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the core and the exterior. The section 3 is devoted to the generalization of the corresponding

results when an additional surface shell is present on the bounding surfaces between the

core and the exterior. By using the formulae for the Wightman function, in section 4 we

investigate the vacuum expectation values of the field square and the energy-momentum

tensor. As an illustration of the general results, in section 5 we consider a model with

Minkowskian geometry inside the brane. For this model the vacuum expectation values

inside the core are investigated as well. The last section contains a summary of the work.

2. Wightman function

2.1 Model

We consider a domain wall with finite thickness on background of (D+1)-dimensional AdS

spacetime. As in RS 1-brane scenario we will assume that our model is Z2-symmetric with

respect to the plane y = 0 located at the center of the brane. The spacetime is described by

two distinct metric tensors in the regions outside and inside the brane. The corresponding

line element in the exterior region |y| > a has the form

ds2 = gikdxidxk = e−2kD |y|ηµνdxµdxν − dy2, (2.1)

where ηµν = diag(1,−1, . . . ,−1) is the metric for the D-dimensional Minkowski space-

time, 1/kD is the AdS curvature radius. Here and below i, k = 0, 1, . . . ,D, and µ, ν =

0, 1, . . . ,D − 1. We will assume that inside the brane (region |y| < a) the spacetime

geometry is regular and is described by the static plane symmetric line element

ds2 = e2u(y)dt2 − e2v(y)dx2 − e2w(y)dy2, (2.2)

where x = (x1, . . . , xD−1) are coordinates parallel to the brane. Due to the Z2-symmetry

the functions u(y), v(y), w(y) are even functions on y. These functions are continuous at

the core boundary:

u(a) = v(a) = −kDa, w(a) = 0. (2.3)

Here we assume that there is no surface energy-momentum tensor located at |y| = a and,

hence, the derivatives of these functions are continuous as well. The generalization to the

case with an infinitely thin shell at the boundary of two metrics will be discussed in the

next section.

For the metric corresponding to line element (2.2) the nonzero components of the Ricci

tensor are given by expressions (no summation over i)

R0
0 = −e−2w

[

u′′ + u′2 + (D − 1)u′v′ − u′w′] ,

Ri
i = −e−2w

[

v′′ + (D − 1)v′2 + v′u′ − v′w′] , i = 1, . . . ,D − 1, (2.4)

RD
D = −e−2w

[

u′′ + (D − 1)v′′ + u′2 + (D − 1)v′2 − w′u′ − (D − 1)w′v′
]

,

where the prime means the derivative with respect to the coordinate y. The corresponding

Ricci scalar has the form

R = −2e−2w
[

u′′ + (D − 1)v′′ + u′2 + D(D − 1)v′2/2

+(D − 1)u′v′ − u′w′ − (D − 1)v′w′] . (2.5)
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In the special case u(y) = v(y) one has R0
0 = Ri

i, i = 1, . . . ,D−1, and the model is Poincare

invariant along the directions parallel to the brane.

2.2 Eigenfunctions

In this paper we are interested in the vacuum polarization effects for a scalar field with

general curvature coupling parameter ξ propagating in the bulk described above. The

corresponding field equation has the form

(

∇i∇i + m2 + ξR
)

ϕ = 0, ∇i∇i =
1

√

|g|
∂i(g

ik
√

|g|∂k), (2.6)

where ∇i is the covariant derivative operator associated with line element (2.1) outside the

brane and with line element (2.2) inside the brane. The values of the curvature coupling

parameter ξ = 0 and ξ = ξD with ξD ≡ (D − 1)/4D correspond to the most important

special cases of minimally and conformally coupled scalar fields. As a first stage for the

evaluation of the vacuum expectation values (VEVs) for the field square and the energy-

momentum tensor we consider the positive frequency Wightman function 〈0|ϕ(x)ϕ(x′)|0〉,
where |0〉 is the amplitude for the corresponding vacuum state. This function also deter-

mines the response of the Unruh-DeWitt type particle detector at a given state of motion

(see, for instance, [45]). The Wightman function can be evaluated by using the mode sum

formula

〈0|ϕ(x)ϕ(x′)|0〉 =
∑

α

ϕα(x)ϕ∗
α(x′), (2.7)

where {ϕα(x), ϕ∗
α(x′)} is a complete orthonormalized set of positive and negative frequency

solutions to the field equation. The collective index α can contain both discrete and

continuous components. In eq. (2.7) it is assumed summation over discrete indices and

integration over continuous ones.

On the base of the plane symmetry of the problem under consideration the correspond-

ing eigenfunctions can be presented in the form

ϕα(xi) = φk(xµ)fλ(y), (2.8)

where φk(xµ) are the standard Minkowskian modes on the hyperplane parallel to the brane:

φk(xµ) =
eik·x−iωt

√

2ω(2π)D−1
, ω =

√

k2 + λ2, k = |k|, (2.9)

λ is the separation constant. Below we will assume that y > 0. The corresponding

formulae in the region y < 0 are obtained from the Z2-symmetry of the model. Substituting

eigenfunctions (2.8) into field equation (2.6), for the function f(y) one obtains the following

equation

e−u−(D−1)v−w∂y

[

eu+(D−1)v−w∂yfλ

]

−
[

m2 + ξR + k2(e−2v − e−2u) − λ2e−2u
]

fλ = 0.

(2.10)
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For the exterior AdS geometry one has u(y) = v(y) = −kDy, and R = −D(D + 1)k2
D. In

this case the solution to equation (2.10) for the region y > a is

fλ(y) = eDkDy/2 [AνJν(λz) + BνYν(λz)] , z = ekDy/kD, (2.11)

where Aν and Bν are integration constants, Jν(x), Yν(x) are the Bessel and Neumann

functions, and we use the notation

ν =
√

D2/4 − D(D + 1)ξ + m2/k2
D. (2.12)

Here we will assume values of the curvature coupling parameter for which ν is real. For

imaginary ν the ground state becomes unstable [46]. Note that for a conformally coupled

massless scalar one has ν = 1/2 and the cylinder functions in eq. (2.11) are expressed via

the elementary functions. The regular solution of equation (2.10) in the region y < a we

will denote by R(y, k, λ). Note that the parameters k and λ enter in the radial equation

in the form k2 and λ2. As a result the regular solution can be chosen in such a way that

R(y,−k, λ) = const ·R(y, k, λ) and R(y, k,−λ) = const ·R(y, k, λ). Now for the radial part

of the eigenfunctions one has

fλ(y) =

{

R(y, k, λ), for y < a

eDkDy/2 [AνJν(λz) + BνYν(λz)] , for y > a
. (2.13)

The coefficients Aν and Bν are determined by the conditions of continuity of the radial

function and its derivative at y = a. From these conditions we find

Ra = eDkDa/2 [AνJν(λza) + BνYν(λza)] , (2.14)

R′
a = kDeDkDa/2

{

Aν

[

DJν(λza)/2+λzaJ
′
ν(λza)

]

+Bν

[

DYν(λza)/2+λzaY
′
ν(λza)

]}

, (2.15)

where

Ra = R(a, k, λ), R′
a = ∂yR(y, k, λ)|y=a. (2.16)

Solving these equations with respect to Aν and Bν and using the Wronskian for the Bessel

and Neumann functions, one has

Aν =
π

2
e−DkDa/2RaȲν(λza), Bν = −π

2
e−DkDa/2RaJ̄ν(λza). (2.17)

Here and in what follows for a cylinder function F (z) we use the notation

F̄ (z) ≡ zF ′(z) +

(

D

2
− R′

a

kDRa

)

F (z). (2.18)

Note that due to our choice of the function R(y, k, λ), the logarithmic derivative in for-

mula (2.18) is an even function on λ. Hence, in the region y > a the radial part of the

eigenfunctions has the form

fλ(y) =
π

2
eDkD(y−a)/2Ragν(λza, λz), (2.19)
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where the notation

gν(u, v) = Ȳν(u)Jν(v) − J̄ν(u)Yν(v) (2.20)

is introduced.

For the eigenfunctions we have the following orthonormalization condition

∫

dydD−1x
√

|g|g00ϕα(x)ϕ∗
α′(x) =

δαα′

2ω
, (2.21)

where δαα′ is understood as the Kronecker symbol for discrete indices and as the Dirac

delta function for continuous ones. Substituting eigenfunctions (2.8), the normalization

condition is written in terms of the radial eigenfunctions

∫ +∞

−∞
dy

√

|g|g00fλ(y)fλ′(y) = δ(λ − λ′). (2.22)

As the integral on the left is divergent for λ′ = λ, the main contribution in the coincidence

limit comes from large values |y|. By using the expression (2.19) for the radial part in

the region |y| > a and replacing the Bessel and Neumann functions by the leading terms

of their asymptotic expansions for large values of the argument, we obtain the following

result:

R−2
a =

π2

2

J̄2
ν (λza) + Ȳ 2

ν (λza)

zD
a kD−1

D λ
. (2.23)

This relation determines the normalization coefficient for the interior eigenfunctions.

In addition to the modes with real λ discussed above, modes with purely imaginary λ

can exist. For this type of modes the radial eigenfunctions in the region y > a are given

by the expression Cνe
DkDy/2Kν(|λ|z), where Kν(x) is the MacDonald function. From the

continuity of the eigenfunctions at y = a one finds Ra = Cνe
DkDa/2Kν(|λ|za), and from

the continuity of the radial derivative we see that |λ| is a solution of the equation

|λ|za
K ′

ν(|λ|za)

Kν(|λ|z)
+

D

2
=

∂yR(y, k, eπi/2|λ|)|y=a

kDR(a, k, eπi/2|λ|) . (2.24)

As it follows from (2.9), for the modes with purely imaginary λ the corresponding frequency

is imaginary in the region k < |λ| and the vacuum state becomes unstable. To have a stable

ground state, in the discussion below we assume that there are no modes with imaginary

λ.

2.3 Wightman function in the exterior region

Substituting the eigenfunctions (2.8) into the mode sum (2.7), for the Wightman function

one finds

〈0|ϕ(x)ϕ(x′)|0〉 =
kD−1

D

4
(zz′)

D
2

∫

dk
eik·(x−x′)

(2π)D−1

∫ ∞

0
dλ

λ√
k2 + λ2

×gν(λza, λz)gν(λza, λz′)

J̄2
ν (λza) + Ȳ 2

ν (λza)
ei(t′−t)

√
k2+λ2

. (2.25)
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For further transformation of this formula we use the identity

gν(λza, λz)gν(λza, λz′)

J̄2
ν (λza) + Ȳ 2

ν (λza)
= Jν(λz)Jν(λz′) − 1

2

∑

s=1,2

J̄ν(λza)

H̄
(s)
ν (λza)

H(s)
ν (λz)H(s)

ν (λz′), (2.26)

where H
(s)
ν (x), s = 1, 2 are the Hankel functions. This allows us to present the Wightman

function in the form

〈0|ϕ(x)ϕ(x′)|0〉 =
1

2
〈0S |ϕ(x)ϕ(x′)|0S〉 + 〈ϕ(x)ϕ(x′)〉b, (2.27)

where

〈0S |ϕ(x)ϕ(x′)|0S〉 =
kD−1

D

2
(zz′)

D
2

∫

dk
eik·(x−x′)

(2π)D−1

∫ ∞

0
dλ

λ√
k2 + λ2

×Jν(λz)Jν(λz′)ei(t′−t)
√

k2+λ2

, (2.28)

is the positive frequency Wightman function for the AdS spacetime without boundaries

(see, for instance, [34]), and the part

〈ϕ(x)ϕ(x′)〉b = −kD−1
D

8
(zz′)

D
2

∫

dk
eik·(x−x′)

(2π)D−1

2
∑

s=1

∫ ∞

0
dλλ

×ei
√

λ2+k2(t′−t)

√
λ2 + k2

J̄ν(λza)

H̄
(s)
ν (λza)

H(s)
ν (λz)H(s)

ν (λz′), (2.29)

induced by the brane. Quantum effects in free AdS spacetime are well investigated in

literature (see references given in [34]) and in the discussion below we will be mainly

concentrated on the effects induced by the brane.

On the right of formula (2.29) we rotate the integration contour in the complex plane

λ by the angle π/2 for s = 1 and by the angle −π/2 for s = 2. Under the condition

z + z′ > 2za + |t − t′|, the contributions from the integrals over the arcs of the semicircle

with large radius in the upper/lower half-plane tend to zero. In particular, this condition

is satisfied in the coincidence limit for points outside the brane. Further, by using the

property that the logarithmic derivative of the function R(y, k, λ) in formula (2.18) is an

even function on λ, we can see that the integrals over the segments (0, ik) and (0,−ik) of

the imaginary axis cancel out. As a result, after introducing the modified Bessel functions,

the brane-induced part can be presented in the form

〈ϕ(x)ϕ(x′)〉b = − kD−1
D

(2π)D
(zz′)

D
2

∫

dk eik·(x−x′)

∫ ∞

k
dλλ

Ĩν(λza)

K̃ν(λza)

×Kν(λz)Kν(λz′)√
λ2 − k2

cosh
[

√

λ2 − k2(t′ − t)
]

. (2.30)

Here and below the tilted notation for the modified Bessel functions Iν(x) and Kν(x) is

defined by the formula

F̃ (x) ≡ xF ′(x) + R(a, k, x)F (x), (2.31)
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with the notation

R(a, k, x) =
D

2
− ∂yR(y, k, xeπi/2/za)|y=a

kDR(a, k, xeπi/2/za)
. (2.32)

Note that, by taking into account this notation, equation (2.24) for the modes with imag-

inary λ is written in the form K̃ν(|λ|za) = 0.

As we see from (2.30), the information about the inner structure of the brane is con-

tained in the logarithmic derivative of the interior radial function in formula (2.32). In

formula (2.30) the integration over the angular part can be done by using the formula

∫

dk
eikxF (k)

(2π)(D−1)/2
=

∫ ∞

0
dk kD−2F (k)

J(D−3)/2(k|x|)
(k|x|)(D−3)/2

, (2.33)

for a given function F (k). In the RS 1-brane model with the brane of zero thickness the

brane induced part in the Wightman function is given by a formula similar to (2.30) with

the replacement [34]

R(a, k, x) → D/2 − 2Dξ − c/2kD , (2.34)

in the definition (2.31) of the tilted notation. On the right of relation (2.34), the parameter

c is the brane mass term for a scalar field which is a phenomenological parameter in the

model with zero thickness brane. As we see, in the model under consideration the effective

brane mass term is determined by the inner structure of the core. Note that in RS 2-brane

model the mass terms on separate branes determine the 1-loop effective potential for the

radion field and play an important role in the stabilization of the interbrane distance.

3. Model with an infinitely thin shell on the brane boundary

The results considered in the previous section can be generalized to the models where an

additional infinitely thin plane shell located at y = a is present with the surface energy-

momentum tensor τk
i . Let ni be the normal to the shell normalized by the condition

nin
i = −1. We assume that it points into the bulk on both sides of the shell. From the

Israel matching conditions one has

{Kik − Khik} = 8πGτik, (3.1)

where the curly brackets denote summation over each side of the shell, hik = gik + nink is

the induced metric on the shell, Kik = hr
i h

s
k∇rns its extrinsic curvature and K = Ki

i . For

the shell located on the boundary y = a and for the region y 6 a one has ni = δD
i ew(y) and

the non-zero components of the extrinsic curvature are given by the formulae

K0
0 = −u′(a−), Kj

i = −δj
i v

′(a−), i = 1, 2, , . . . ,D − 1. (3.2)

The corresponding expressions for the region y > a are obtained by taking u(y) = v(y) =

−kDy, w(y) = 0 and changing the signs for the components of the extrinsic curvature

tensor:

Kj
i = −δj

i kD, i = 1, 2, , . . . ,D − 1, y = a + . (3.3)
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Now from the matching conditions (3.1) we find (no summation over i)

u′(a−) = −kD + 8πG

(

τ i
i −

D − 2

D − 1
τ0
0

)

, i = 1, 2, . . . ,D − 1, (3.4)

v′(a−) = −kD +
8πG

D − 1
τ0
0 , (3.5)

where f ′(a−) is understood in the sense limy→a−0 f ′(y). For models with Poincare invari-

ance along the directions parallel to the brane one has τ i
i = τ0

0 .

The discontinuity of the functions u′(y) and v′(y) at y = a leads to the delta function

term

2
[

u′(a−) + (D − 1)v′(a−) + DkD

]

δ(y − a) (3.6)

in the Ricci scalar and, hence, in the equation (2.10) for the radial eigenfunctions. Note

that the expression in the square brackets is related to the surface energy-momentum tensor

by the formula

u′(a−) + (D − 1)v′(a−) + DkD =
8πG

D − 1
τ, (3.7)

where τ is the trace of the surface energy-momentum tensor.

For a non-minimally coupled scalar field, due to the delta function term in the equation

for the radial eigenfunctions, these functions have a discontinuity in their slope at y = a.

The corresponding jump condition is obtained by integrating the equation (2.10) through

the point y = a:

f ′
λ(a+) − f ′

λ(a−) =
16πGξ

D − 1
τfλ(a). (3.8)

Now the coefficients in the formulae (2.13) for the eigenfunctions are determined by the

continuity condition for the radial eigenfunctions and by the jump condition for their

radial derivative. It can be seen that the corresponding eigenfunctions are given by the

same formulae (2.19) and (2.23) with the new barred notation

F̄ (z) ≡ zF ′(z) +

(

D

2
− 16πGξ

(D − 1)kD
τ − R′

a

kDRa

)

F (z). (3.9)

Hence, the part in the exterior Wightman function induced by the brane is given by for-

mula (2.30), where the tilted notation is defined by eq. (2.31) with the function

R(a, k, x) =
D

2
− 16πGξ

(D − 1)kD
τ − ∂yR(y, k, xeπi/2/za)|y=a

kDR(a, k, xeπi/2/za)
. (3.10)

The trace of the surface energy-momentum tensor in this expression is related to the

components of the metric tensor inside the brane by formula (3.7). As before, in the model

with surface energy-momentum tensor the equation for the modes with imaginary λ is

written in the form K̃ν(|λ|za) = 0.
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4. Vacuum expectation values outside the brane

4.1 VEV of the field square

The VEV of the field square is obtained by computing the Wightman function in the

coincidence limit x′ → x. In this limit expression (2.27) gives a divergent result and some

renormalization procedure is needed. Outside the brane the local geometry is the same as

that for the AdS spacetime. Hence, in the region y > a the renormalization procedure for

the local characteristics of the vacuum, such as the field square and the energy-momentum

tensor, is the same as for the free AdS spacetime.

By using the formula for the Wightman function from the previous section, the VEV

of the field square in the exterior region is presented in the form

〈0|ϕ2|0〉 =
1

2
〈0S |ϕ2|0S〉 + 〈ϕ2〉b, (4.1)

where 〈0S |ϕ2|0S〉 is the VEV of the field square in the free AdS spacetime. The part

induced by the brane is directly obtained from formula (2.30) in the coincidence limit:

〈ϕ2〉b = − π−(D+1)/2kD−1
D zD

2D−1Γ((D − 1)/2)

∫ ∞

0
dk kD−2

∫ ∞

k
dλλ

Ĩν(λza)

K̃ν(λza)

K2
ν (λz)√

λ2 − k2
. (4.2)

The VEV of the field square in the free AdS spacetime is well investigated in literature [47]

and is given by the formula

〈0S |ϕ2|0S〉 =
kD−1

D

(4π)(D+1)/2

Γ
(

1−D
2

)

Γ
(

D
2 + ν

)

Γ(1 + ν − D/2)
. (4.3)

This VEV does not depend on the spacetime point, which is a direct consequence of the

maximal symmetry of the AdS bulk. For even D, the expression on the right of (4.3)

is finite and can be taken as the renormalized value for the field square. For odd D, an

additional renormalization removing the pole of the gamma function in the numerator is

necessary.

By taking into account that the tilted functions in formula (4.2) depend on k, in the

general case of the core model the corresponding expression cannot be further simplified.

This can be done in the model with Poincare invariance along the directions parallel to

the brane. For this special case in (2.2) we have u(y) = v(y) and the term with k2

in (2.10) disappears. As a result the interior radial functions R(y, k, λ) do not depend on

k, R(y, k, λ) = R(y, λ), and, hence the same is the case for the tilted functions in (4.2).

In this case the formula for the VEV of the field square is further simplified by using the

formula
∫ ∞

0
dkkD−2

∫ ∞

k

f(λ)dλ√
λ2 − k2

=

√
πΓ

(

D−1
2

)

2Γ
(

D
2

)

∫ ∞

0
dxxD−2f(x). (4.4)

This leads to the result

〈ϕ2〉b = − kD−1
D zD

(4π)D/2Γ (D/2)

∫ ∞

0
dxxD−1 Ĩν(xza)

K̃ν(xza)
K2

ν (xz), (4.5)
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where the tilted notations are defined by (2.31).

The integral in eq. (4.5) is exponentially convergent in the upper limit for z > za and

diverges for points on the boundary of the brane. The surface divergences in the VEVs

of local physical observables bilinear in the field are well known in quantum field theory

with boundaries. They can be regularized by considering more realistic model with smooth

transition between the interior and exterior metrics. By taking into account that for a given

z the main contribution into the integral in (4.5) comes from the region x . (z− za)
−1, we

expect that under the condition y − a ≫ y0, with y0 being the thickness of the transition

range, the results of the present paper will be valid for this kind of models as well.

At large distances from the brane, z ≫ za, we introduce a new integration variable

y = xz and expand the integrand over za/z. By using the formula for the integral involving

the square of the MacDonald function, to the leading order we obtain

〈ϕ2〉b = − kD−1
D (za/z)2ν

2D+2ν+1π(D−1)/2

R(a) + ν

R(a) − ν

Γ(D/2 + ν)Γ(D/2 + 2ν)

νΓ2(ν)Γ((D + 1)/2 + ν)
, (4.6)

where we have introduced the notation

R(a) =
D

2
− 16πGξ

(D − 1)kD
τ − ∂yR(y, 0)|y=a

kDR(a, 0)
. (4.7)

As we see, at large distances from the brane the brane induced part is exponentially sup-

pressed by the factor exp(−2νkDy).

4.2 Vacuum energy-momentum tensor

Now we turn to the investigation of the VEV of the energy-momentum tensor in the region

y > a. Having the Wightman function and the VEV for the field square, this can be done

on the base of the formula

〈0|Tik|0〉 = lim
x′→x

∂i∂
′
k〈0|ϕ(x)ϕ(x′)|0〉+

[(

ξ − 1

4

)

gik∇l∇l − ξ∇i∇k − ξRik

]

〈0|ϕ2|0〉. (4.8)

Note that on the left of this formula we have used the expression for the energy-momentum

tensor of a scalar field which differs from the standard one by the term which vanishes on

the solutions of the field equation (2.6) (see ref. [48]). Similar to the Wightman function,

the components of the vacuum energy-momentum tensor are presented in the decomposed

form

〈0|Tik|0〉 =
1

2
〈0S |Tik|0S〉 + 〈Tik〉b, (4.9)

where 〈0S |Tik|0S〉 is the vacuum energy-momentum tensor in the free AdS spacetime and

the part 〈Tik〉b is induced by the brane. As the VEV of the field square in free AdS

spacetime does not depend on spacetime point, the corresponding VEV is found from

the formula 〈0S |T k
i |0S〉 = δk

i m2〈0S |ϕ2|0S〉 by taking into account formula (4.3). For a

conformally coupled massless scalar field and for even values D the renormalized free AdS

part in the VEV of the energy-momentum tensor vanishes. For odd values of D, this part

is completely determined by the trace anomaly (see, for instance, [45]).
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Substituting the expressions of the Wightman function and the VEV of the field square

into formula (4.8), for the part of the energy-momentum tensor induced by the brane one

obtains

〈T k
i 〉b = − kD+1

D zDδk
i

2D−2π(D+1)/2Γ
(

D−1
2

)

∫ ∞

0
dkkD−2

∫ ∞

k
dλλ

Ĩν(λza)

K̃ν(λza)

F (i) [k,Kν(λz)]√
λ2 − k2

, (4.10)

where for a given function g(v) we use the notations

F (0)[k, g(v)] =

(

1

2
− 2ξ

) [

v2g′2(v) +

(

D +
4ξ

4ξ − 1

)

vg(v)g′(v) (4.11)

+(v2 + ν2)g2(v)

]

+ (z2k2 − v2)g2(v)

F (i)[k, g(v)] = F (0) [k, g(v)] +

(

v2 − Dz2k2

D − 1

)

g2(v), i = 1, . . . ,D − 1, (4.12)

F (D)[k, g(v)] = −v2

2
g′2(v)+

D

2
(4ξ−1) vg(v)g′(v)+

1

2

[

v2+ν2+2ξD(D+1)−D2/2
]

g2(v).

As in the case of the field square, these expression may be further simplified in the model

with Poincare invariance along the directions parallel to the brane for which u(y) = v(y).

In this case the tilted functions in (4.10) do not depend on k and after the integration one

finds

〈T k
i 〉b = − kD+1

D zDδk
i

(4π)D/2Γ (D/2)

∫ ∞

0
dxxD−1 Ĩν(xza)

K̃ν(xza)
F (i)[Kν(xz)], (4.13)

where for a given function g(v) we have introduced the notations

F (i)[g(v)] =

(

1

2
− 2ξ

)[

v2g′2(v) +

(

D +
4ξ

4ξ − 1

)

vg(v)g′(v) (4.14)

+

(

ν2 + v2 +
2v2

D(4ξ − 1)

)

g2(v)

]

, i = 0, 1, . . . ,D − 1,

F (D)[g(v)] = −v2

2
g′2(v)+

D

2
(4ξ−1) vg(v)g′(v)+

1

2

[

v2+ν2+2ξD(D + 1)−D2

2

]

g2(v).

It can be explicitly checked that the VEVs given by (4.13) satisfy the continuity equation

∇k〈T k
i 〉b = 0, which for the geometry under consideration takes the form

zD+1∂z(z
−D〈TD

D 〉b) + D〈T 0
0 〉b = 0. (4.15)

For a conformally coupled massless scalar field one has ν = 1/2 and from formulae (4.14)

it follows that F (i)[Kν(x)] = F (D)[Kν(x)] = 0. Hence, in this case the brane induced parts

in the VEVs of the energy-momentum tensor vanish. Note that for a conformally coupled

scalar and for even values D the conformal anomaly is absent and the free AdS part in the

vacuum energy-momentum tensor vanishes as well.

For large distances from the brane, z ≫ za, introducing a new integration variable

y = xz we expand the integrand over za/z. To the leading order this leads to the result

〈T k
i 〉b = − kD+1

D δk
i (za/z)2ν

2D+2ν−1πD/2Γ (D/2) νΓ2(ν)

R(a) + ν

R(a) − ν

∫ ∞

0
dxxD+2ν−1F (i)[Kν(x)]. (4.16)
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The integrals in this formula may be evaluated by using the formulae from [49]. Note that

the free AdS parts in the VEVs of both field square and the energy-momentum tensor

do not depend on the spacetime point and, hence, at large distances from the brane they

dominate in the total VEVs. Noting that in the limit of strong gravitational field in the

region outside the brane, corresponding to large values kD, one has z/za = ekD(y−a) ≫ 1, we

see that formulae (4.6), (4.16) also describe the asymptotic behavior of the brane induced

VEVs in this limit. Hence, in the limit of strong gravitational field, for the points not too

close to the brane boundary, the brane induced parts are exponentially suppressed. The

free AdS parts behave as kD−1
D and their contribution dominates for strong gravitational

fields.

5. Model with flat spacetime inside the brane

As an application of the general results given above let us consider a simple example

assuming that the spacetime inside the brane is flat. The corresponding models for the

cosmic string and global monopole cores were considered in refs. [50] and are known as

flower-pot models. As we will see below, this model is exactly solvable in the sense that

the VEVs inside the brane are expressed in terms of closed analytic formulae. This model is

also of interest from a physical point of view as it reduces to the standard RS 1-brane model

in the limit of the zero thickness brane and, hence, is the simplest generalization of the

latter. From the continuity condition on the brane boundary it follows that in coordinates

(xµ, y) the interior line element has the form

ds2 = e−2kDaηµνdxµdxν − dy2. (5.1)

In the rescaled coordinates

Xµ = e−kDaxµ, (5.2)

this line element is written in the standard Minkowskian form. From the matching con-

ditions (3.4), (3.5) we find the corresponding surface energy-momentum tensor with the

non-zero components

τk
i =

D − 1

8πG
kDδk

i , i = 0, 1, . . . ,D − 1. (5.3)

The corresponding surface energy density is positive. Lets us consider the VEVs in the

exterior and interior regions separately.

5.1 Exterior region

For the simple model under consideration the radial equation (2.10) is easily solved in the

interior region. The corresponding radial eigenfunction with Z2-symmetry, R(−y, k, λ) =

R(y, k, λ), has the form

R(y, k, λ) = Cν cos(kyy), k2
y = λ2e2kDa − m2. (5.4)

The coefficient Cν is found from formula (2.23)

C2
ν =

2zD
a kD−1

D λ

π2 cos2(kya)
[

J̄2
ν (λza) + Ȳ 2

ν (λza)
] , (5.5)
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with the barred notation for the cylindrical functions

F̄ (z) ≡ zF ′(z) +

[

D

2
− 2ξD +

ky

kD
tan(kya)

]

F (z). (5.6)

As a result, the parts in the Wightman function, in the VEVs of the field square and

the energy-momentum tensor induced by the brane are given by formulae (2.30), (4.5)

and (4.13) respectively, where the tilted notations for the modified Bessel functions are

defined by (2.31) with the coefficient

R(a, k, x) =
D

2
− 2ξD −

√

x2 + m2/k2
D tanh

(

akD

√

x2 + m2/k2
D

)

. (5.7)

By using the recurrence relation for the function Kν(x), it can be seen that under the

condition

ν + 2ξD − D/2 + (m/kD) tanh(am) > 0 (5.8)

one has K̃ν(x) < 0 and in the model under consideration there are no modes with imaginary

λ. In particular, this condition is satisfied for minimally and conformally coupled fields.

For large distances from the brane the asymptotic behavior of the parts induced by the

brane is given by formulae (4.6) and (4.16) for the field square and the energy-momentum

tensor respectively. Now in these formulae we have

R(a) = D/2 − 2ξD − (m/kD) tanh(am). (5.9)

Comparing (5.7) with (2.34), we see that in the limt a → 0 from the results of the model

with flat interior spacetime the corresponding formulae in the RS 1-brane model with a

zero thickness brane are obtained.

As it was mentioned before the VEVs of the field square and the energy-momentum

tensor diverge on the boundary of the brane. To find the leading terms in the corresponding

asymptotic expansions for points near the boundary, we note that for these points the main

contribution into the integrals come from large values x and we can replace the modified

Bessel functions by corresponding asymptotic formulae for large values of the argument.

In this way, assuming that y − a ≪ a, one finds

〈ϕ2〉b ∼ kDAD

2D+5π(D+1)/2

Γ((D − 1)/2)

(D − 2)(y − a)D−2
, D > 2, (5.10)

with the notation

AD = 4D − D2 + 1 + 4ξD(D − 3) − 4m2/k2
D. (5.11)

For D 6 2 the VEV of the field square is finite on the core boundary. Note that in the

model with zero thickness brane located at y = 0, the corresponding VEVs near the brane

behave as y1−D.

The asymptotic behavior for the energy-momentum tensor is found in the similar way.

To the leading order we have (no summation over i)

〈T i
i 〉b ∼ −kDAD(ξ − ξD)

2D+4π(D+1)/2

Γ((D + 1)/2)

(y − a)D
, i = 0, 1, . . . ,D − 1. (5.12)
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The behavior for the radial stress is found most easily from the continuity equation (4.15).

This leads to the result

〈TD
D 〉b ∼ DkD(y − a)

D − 1
〈T 0

0 〉b. (5.13)

For a conformally coupled field the most easy way to find the asymptotic behavior is to

note that one has the following relation for the trace of the energy-momentum tensor

〈T i
i 〉b = D(ξ − ξD)∇l∇l〈ϕ2〉b + m2〈ϕ2〉b.

From here and the continuity equation it follows that for a conformally coupled scalar field

we have (no summation over i)

〈T i
i 〉b ∼ D − 3

DkD(y − a)
〈TD

D 〉b ∼ (m2/D)〈ϕ2〉b, i = 0, 1, . . . ,D − 1, D > 3. (5.14)

For D = 3 the radial stress 〈TD
D 〉b diverges logarithmically. In the case D = 2 the corre-

sponding VEVs are finite on the boundary of the brane.

Now we turn to the investigation of the general formulae for the brane-induced VEVs

in the limit m/kD ≫ 1. In this limit one has ν ≈ m/kD and the order of the modified

Bessel functions in formulae (4.5) and (4.13) is large. Introducing a new integration variable

x → νx, we replace the modified Bessel functions by the leading terms of the corresponding

uniform asymptotic expansions for large values of the order (see, for instance, [51]). By

this way it can be seen that the main contribution into the integral comes from the lower

limit and to the leading order we find

〈ϕ2〉b ≈ kD−1
D (z/za)

D(m/kD)D/2−1

2D/2+2πD/2(z2/z2
a − 1)D/2

1 − tanh(am)

1 + tanh(am)
exp [−2(m/kD) ln(z/za)] . (5.15)

As we could expect, in this limit the VEV is exponentially suppressed. By the similar way,

for the corresponding VEV of the energy-momentum tensor we obtain (no summation i)

〈T i
i 〉b ≈ (1 − 4ξ)m2〈ϕ2〉b, 〈TD

D 〉b ≈ DkD

2m
〈T 0

0 〉b. (5.16)

The last relation is found most easily from equation (4.15).

In figures 1 and 2 we have plotted the dependence of the brane induced parts in the

VEVs of the energy density and radial stress on z/za and akD for a minimally coupled

massless scalar field (ξ = 0) in the case D = 4. The first of these parameters is related

to the distance from the boundary of the brane by the formula z/za = exp[kD(y − a)].

The curves for a = 0 correspond to the VEVs in the RS 1-brane model. Recall that for

a conformally coupled massless scalar field the brane induced VEVs vanish. Note that

in D = 4 the conformal anomaly is absent and for massless scalar fields the VEV of the

energy-momentum tensor in the free AdS spacetime is zero.

5.2 Interior region

Now let us consider the vacuum polarization effects inside the brane for the model with

flat interior. The corresponding eigenfunctions have the form given by eq. (2.8) with
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Figure 1: The part in the VEV of the energy density, k−D−1
D

〈T 0
0 〉b, induced by the brane as a

function on z/za and akD for a minimally coupled massless scalar field in D = 4.
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Figure 2: The part in the VEV of the radial stress, k−D−1
D

〈T D

D
〉b, induced by the brane as a

function on z/za and akD for a minimally coupled massless scalar field in D = 4.

fλ(y) = R(y, k, λ) and the function R(y, k, λ) is defined by formula (5.4). Substituting the

eigenfunctions into the mode sum formula for the corresponding Wightman function one

finds

〈0|ϕ(x)ϕ(x′)|0〉 =
zD
a kD−1

D

π2

∫

dk
eik·(x−x′)

(2π)D−1

×
∫ ∞

0
dλ

λ cos(kyy) cos(kyy
′)e−i

√
k2+λ2(t−t′)

cos2(kya)
√

k2 + λ2
[

J̄2
ν (λza) + Ȳ 2

ν (λza)
] . (5.17)
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For the evaluation of the expression on the right we use the relation

cos−2(kya)

J̄2
ν (λza) + Ȳ 2

ν (λza)
=

πkD

2ky



1 − 1

2

∑

s=1,2

C{eiδskya,H
(s)
ν (λza)}

C{cos(kya),H
(s)
ν (λza)}



 . (5.18)

where δs = (−1)s+1, and for given functions f(z) and g(z) we have introduced the notation

C {f(u), g(v)} = vf(u)g′(v) +

[(

D

2
− 2ξD

)

f(u) − u

akD
f ′(u)

]

g(v), (5.19)

with u = kya and v = λza.

By taking into account identity (5.18), the Wightman function is written in the form

〈0|ϕ(x)ϕ(x′)|0〉 = (zakD)D
∫

dk
eik·(x−x

′)

(2π)D

∫ ∞

0
dλ

λe−i
√

k2+λ2(t−t′)

ky

√
k2 + λ2

(5.20)

× cos(kyy) cos(kyy
′)



1 − 1

2

∑

s=1,2

C{eiδskya,H
(s)
ν (λza)}

C{cos(kya),H
(s)
ν (λza)}



 .

To transform the λ-integral with the first term in the square brackets, we present this

integral as a sum of the integrals over the intervals (0,me−kDa) and (me−kDa,∞). In the

second integral changing the integration variable to ky we find

∫ ∞

0
dλ

λe−i
√

k2+λ2(t−t′)

ky

√
k2 + λ2

cos(kyy) cos(kyy
′) = e−2kDa

∫ ∞

0
dky

e−i
√

k2+λ2(t−t′)

√
k2 + λ2

(5.21)

× cos(kyy) cos(kyy
′) − i

∫ me−kDa

0
dλ

λe−i
√

k2+λ2(t−t′)

η(λ)
√

k2 + λ2
cosh(yη(λ)) cosh(y′η(λ)),

with the notation η(λ) =
√

m2 − λ2e2kDa. In the first integral on the right of (5.21), λ is a

function of ky given by formula (5.4). Let us consider the λ-integral with the second term

in the square brackets of (5.20). Note that in accordance with formula (5.4) for ky, the

corresponding integrand has branch point at λ = me−kDa. For definiteness we will assume

that this point is circled from above by a semicircle of small radius in the complex λ-plane.

With this choice, assuming that |y| + |y′|+ |t − t′| < 2a, we rotate the integration contour

in the complex plane λ by the angle π/2 for s = 1 and by the angle −π/2 for s = 2. In the

second case the integral with s = 2 is equal to the corresponding integral over the negative

part of the imaginary axis plus the integral over the contour C depicted in figure 3. By

taking into account that on the upper/lower parts of the contour C we have ky = ±iη(λ),

for this contribution one finds

−
∫

C
dλ

λ cos(kyy) cos(kyy
′)e−i

√
k2+λ2(t−t′)

2ky

√
k2 + λ2

C{e−ikya,H
(2)
ν (λza)}

C{cos(kya),H
(2)
ν (λza)}

(5.22)

= i

∫ me−kDa

0
dλ

λe−i
√

k2+λ2(t−t′)

η(λ)
√

k2 + λ2
cosh(yη(λ)) cosh(y′η(λ)).
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Figure 3: Integration contour C in the complex λ-plane.

Now we see that the the integral over the contour C cancels the second term on the right

of (5.21). In the integrals over the imaginary axis the parts over the intervals (0, ik) and

(0,−ik) cancel out. After introducing the modified Bessel functions, one can see that the

Wightman function is presented in the form

〈0|ϕ(x)ϕ(x′)|0〉 = G0(x, x′) + G1(x, x′), (5.23)

where

G0(x, x′) = (zakD)D−2

∫

dk

(2π)D
eik·(x−x′)

∫ ∞

0
dky

e−i
√

k2+λ2(t−t′)

√
k2 + λ2

cos(kyy) cos(kyy
′),

(5.24)

and

G1(x, x′) = −(zakD)D

(2π)D

∫

dk eik·(x−x
′)

∫ ∞

k
dx

xC{e−κ(x)a,Kν(xza)}
C{cosh(κ(x)a),Kν(xza)}

×cosh(κ(x)y) cosh(κ(x)y′)

κ(x)
√

x2 − k2
cosh[

√

x2 − k2(t − t′)]. (5.25)

In (5.25), κ(x) =
√

x2e2kDa + m2, and we have used the notation (5.19) with g(v) = Kν(v)

and f(u) = e−u, cosh u for the numerator and denominator, respectively.

In (5.24) introducing a new integration variable K = kekDa we see that G0(x, x′) is

the Wightman function in the Minkowski spacetime in coordinates (5.1) orbifolded along

the y-direction:

G0(x, x′) =

∫

dK
eiK·(X−X

′)

(2π)D

∫ ∞

0
dky

e−i
√

K2+k2
y+m2(X0−X0′)

√

K2 + k2
y + m2

cos(kyy) cos(kyy
′), (5.26)

where X = (X1,X2, . . . ,XD−1) with coordinates Xµ defined by relation (5.2). This func-

tion differs by the factor 1/2 from the Wightman function for a plate in the Minkowski

spacetime located at y = 0 on which the field obeys the Neumann boundary condition.

Evaluating the integrals, function (5.26) is presented in the form

G0(x, x′) =
1

2
GM (x, x′) +

m(D−1)/2

2(2π)(D+1)/2

×
K(D−1)/2

(

m
√

|X − X′|2 + (y + y′)2 − (X0 − X0′)2
)

(|X − X′|2 + (y + y′)2 − (X0 − X0′)2)(D−1)/4
, (5.27)
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where GM (x, x′) is the Wightman function for the Minkowski spacetime. Note that the

expression for GM (x, x′)/2 is given by the same formula as the second term on the right

of (5.27) with the replacement y + y′ → y − y′. The term G1(x, x′) on the right of for-

mula (5.23) is induced by the AdS geometry in the region y > a. For a conformally

coupled massless scalar field one has ν = 1/2 and by using definition (5.19) it can be ex-

plicitly checked that C{e−u,Kν(u/akD)} = 0. Hence, in this case the part G1(x, x′) of the

Wightman function vanishes.

Now we turn to the evaluation of the renormalized VEV for the field square. The

renormalization corresponds to the omission of the part coming from the Minkowskian

Wightman function in (5.27). As a result the VEV for the field square is presented in the

form

〈ϕ2〉(int)
ren = 〈ϕ2〉(int)

0,ren + 〈ϕ2〉(int)
b . (5.28)

Here the part 〈ϕ2〉(int)
0,ren is obtained from the second term on the right of (5.27) in the

coincidence limit and is given by the formula

〈ϕ2〉(int)
0,ren =

mD−1

2(2π)(D+1)/2

K(D−1)/2 (2my)

(2my)(D−1)/2
. (5.29)

The second term in the right hand-side of formula (5.28) is obtained from (5.25) taking

the coincidence limit of the arguments and using the formula
∫

dk

∫ ∞

k
dx

ksg(x)√
x2 − k2

=
π(D−1)/2

Γ((D − 1)/2)
B

(

D − 1 + s

2
,
1

2

)
∫ ∞

0
dxxD+s−2g(x), (5.30)

with B(x, y) being the Euler beta function. This gives the result

〈ϕ2〉(int)
b = −(4π)−D/2

Γ(D/2)

∫ ∞

m
dx (x2 − m2)D/2−1 cosh2(xy)Uν(x), (5.31)

with the notation

Uν(x) =
C{e−ax,Kν(

√
x2 − m2/kD)}

C{cosh(ax),Kν(
√

x2 − m2/kD)}
. (5.32)

This part in the VEV of the field square is induced by the AdS geometry in the exterior

region. Note that if condition (5.8) is satisfied the denominator in (5.32) is negative. Recall

that under this condition there are no modes with imaginary λ.

The integral on the right of formula (5.31) is finite for |y| < a and diverges on the

boundary of the brane |y| = a. In order to find the corresponding asymptotic behavior,

we note that for points near the boundary the main contribution comes from large values

x. By using the corresponding asymptotic formula for the function Kν(x), to the leading

order near the boundary y = a we find

〈ϕ2〉(int)
b ∼ − kD(ξ − ξD)

(4π)(D+1)/2

DΓ((D − 1)/2)

(D − 2)(a − y)D−2
. (5.33)

In the limit am ≫ 1 the main contribution into the integral in formula (5.31) comes from

the lower limit and one finds

〈ϕ2〉(int)
b ≈ −BmD−1 cosh2(my)

(4πam)D/2
e−2am, B ≡ D/2 − 2ξD + m/kD − ν

D/2 − 2ξD − m/kD − ν
. (5.34)
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As we could expect, in this limit the VEVs are exponentially suppressed. For large values

of the AdS curvature assuming that a,m ≫ 1/kD, from definition (5.19) it is easily seen

that under the conditions ξ ≫ 1/(akD), ξ − ξD ≫ 1/(akD) the asymptotic behavior of

〈ϕ2〉(int)
b is obtained substituting in formula (5.31)

Uν(x) ≈ 2

e2ax + 1
. (5.35)

The corresponding expression coincides with the VEV induced by Dirichlet boundary lo-

cated at y = a in the Minkowski spacetime orbifolded along the y-direction with the fixed

point y = 0. For special cases of minimally and conformally coupled scalar fields, in the

limit under consideration the leading terms are obtained substituting in (5.31)

Uν(x) ≈ − 2

e2ax − 1
, ξ = 0, (5.36)

Uν(x) ≈ − 2
x+

√
x2−m2

x−
√

x2−m2
e2ax − 1

, ξ = ξD. (5.37)

In the minimally coupled case the corresponding limiting value coincides with the VEV

induced by Neumann boundary located at y = a in the Minkowski spacetime orbifolded

along the y-direction with the fixed point y = 0.

Now let us consider the VEV for the energy-momentum tensor. As in the case of the

field square, it is presented in the form

〈T k
i 〉(int)

ren = 〈T k
i 〉

(int)
0,ren + 〈T k

i 〉
(int)
b , (5.38)

where 〈Tik〉(int)
0,ren is the vacuum energy-momentum tensor in the Minkowski spacetime in

coordinates (5.1) orbifolded along the y-direction and the presence of the part 〈Tik〉(int)
b is

related to that the geometry in the region y > a is AdS. For the first part one has (no

summation over i)

〈T i
i 〉

(int)
0,ren =

mD+1

(4πmy)(D+1)/2

{

K(D+1)/2 (2my) (2ξ − 1) + (1 − 4ξ) myK(D+3)/2 (2my)
}

,

(5.39)

with i = 0, 1, . . . ,D − 1 and 〈TD
D 〉(int)

0,ren = 0. For a massless scalar field this leads to the

result (no summation over i)

〈T i
i 〉

(int)
0,ren = − D (ξ − ξD)

(4π)(D+1)/2yD+1
Γ

(

D + 1

2

)

. (5.40)

For the second term on the right of (5.38) we find (no summation over i)

〈T i
i 〉

(int)
b =

(4π)−D/2

Γ(D/2)

∫ ∞

m
dx(x2 − m2)D/2Uν(x)

×
{

1

D
cosh2(xy) +

(4ξ − 1) x2

x2 − m2

[

cosh2(xy) − 1

2

]}

, (5.41)

〈TD
D 〉(int)

b = −(4π)−D/2

2Γ(D/2)

∫ ∞

m
dx (x2 − m2)D/2−1x2Uν(x), (5.42)
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with i = 0, 1, . . . ,D − 1, and the function Uν(x) is defined by formula (5.32). Note that

the radial stress inside the brane does not depend on spacetime point. This result could be

also obtained directly from the continuity equation. As it has been mentioned before, for a

conformally coupled massless scalar we have Uν(x) = 0 and, hence, the parts in the VEV of

the energy-momentum tensor given by formulae (5.41), (5.42) vanish. From formula (5.40)

it follows that in this case the part 〈T i
i 〉

(int)
0,ren vanishes as well.

Now let us consider the VEV of the energy-momentum tensor near the brane core. In

the way similar to that for the exterior region we find (no summation over i)

〈T i
i 〉

(int)
b ∼ D − 1

DkD(y − a)
〈TD

D 〉(int)
b ∼ DkD(ξ − ξD)2

2Dπ(D+1)/2

Γ((D + 1)/2)

(a − y)D
, (5.43)

with i = 0, 1, . . . ,D−1. For a conformally coupled scalar field the corresponding asymptotic

behavior is given by formulae (5.14). In the limit am ≫ 1 to the leading order one has (no

summation over i)

〈T i
i 〉

(int)
b ≈ BmD+1e−2am

2(4πam)D/2
(4ξ − 1)

[

2 cosh2(my) − 1
]

, (5.44)

〈TD
D 〉(int)

b ≈ −BmD+1e−2am

2(4πam)D/2
. (5.45)

For large values of the AdS curvature, a,m ≫ 1/kD, the leading terms for the VEV

of the energy-momentum tensor are obtained from formulae (5.41), (5.42), by making

substitutions (5.35) for ξ ≫ 1/(akD), ξ − ξD ≫ 1/(akD), and (5.36), (5.37) for minimally

and conformally coupled scalars.

In figure 4 we have plotted the dependence of the part in the VEV of the energy density

induced by the exterior AdS geometry in the region inside the brane as a function of y/a

and akD for a minimally coupled massless scalar field in the case D = 4.

The corresponding radial stress does not depend on y and is depicted in figures 5, 6 as

a function of the parameters am and akD for minimally and conformally coupled fields, re-

spectively. We recall that for a conformally coupled massless scalar field the corresponding

VEVs vanish for both field square and the energy-momentum tensor. The perpendicu-

lar interior vacuum force acting per unit surface of the brane boundary is determined by

−〈TD
D 〉(int)

b . As it is seen from figures 5, 6 for minimally and conformally coupled scalars

these forces tend to decrease the brane thickness.

6. Conclusion

In braneworld models the investigation of quantum effects is of considerable phenomeno-

logical interest, both in particle physics and in cosmology. In the present paper we have

considered the one-loop vacuum effects for a massive scalar field with general curvature

coupling parameter induced by a Z2-symmetric thick brane on the (D + 1)-dimensional

AdS bulk. The previous papers on the investigation of the vacuum polarization by the

gravitational field of the brane are mainly concerned with the idealized thin brane model,

where the curvature has singularity at the location of the brane. Here we consider the
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aD+1<T0
0
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Figure 4: The energy density inside the brane, aD+1〈T 0
0 〉

(int)
b , induced by the AdS geometry in

the exterior region as a function on akD and y/a for a minimally coupled massless scalar field in

D = 4.

0
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2

4

6

8

10

akD
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aD+1<TD
D
>b
HintL

0
1

2
3

4
am

Figure 5: The part in the radial stress inside the brane, aD+1〈T D

D
〉(int)
b , induced by the AdS

geometry of the exterior region as a function on am and akD for a minimally coupled scalar field

in D = 4.

general plane symmetric static model of the brane with finite thickness, described by the

line element (2.2). Among the most important characteristics of the vacuum, which carry

information about the internal structure of the brane, are the VEVs for the field square

and the energy-momentum tensor. In order to obtain these expectation values we first
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Figure 6: The same as in figure 5 for a conformally coupled scalar field.

construct the positive frequency Wightman function. In the region outside the brane this

function is presented as a sum of two distinct contributions. The first one corresponds

to the Wightman function in the free AdS geometry and the second one is induced by

the brane. The latter is given by formula (2.30), where the tilted notation is defined by

formula (2.31) with the coefficient from (2.32) for the model without an infinitely thin shell

on the brane boundary. This coefficient is determined by the radial part of the interior

eigenfunctions and describes the influence of the core properties on the vacuum character-

istics in the exterior region. In the case of the model with a thin shell on the boundary of

the brane, the derivatives of the metric tensor components are discontinuous on the brane

surface. This leads to the delta function type contribution in the Ricci scalar and, hence in

the equation for the radial eigenfunctions in the case of the non-minimally coupled scalar

field. As a result, the radial eigenfunctions have a discontinuity in their slope at the brane

boundary. This leads to an additional term in the coefficient of the tilted notation which

is proportional to the trace of the surface energy-momentum tensor (see eq. (3.10)).

By using the formula for the Wightman function, in section 4 we have investigated the

influence of the non-trivial internal structure of the brane on the VEVs of the field square

and the energy-momentum tensor. The parts in these VEVs induced by the brane are

directly obtained from the corresponding part of the Wightman function for the case of the

field square and by applying on this function a certain second-order differential operator

and taking the coincidence limit for the energy-momentum tensor. In the general plane

symmetric model for the brane interior these parts are given by formulae (4.2) and (4.10)

for the field square and the energy-momentum tensor respectively. These formulae are

further simplified for models with Poincare invariance along the directions parallel to the

brane taking the form (4.5), (4.13). For a conformally coupled massless scalar field the

corresponding energy-momentum tensor vanishes. The parts in the VEVs of the field

square and energy-momentum tensor induced by the brane diverge on the boundary of
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the brane. The surface divergences in the VEVs of the local observables are well-known in

quantum field theory with boundaries and are investigated for various boundary geometries.

At large distances from the brane the brane induced VEVs are suppressed by the factor

e−2νkDy. In the limit of strong gravitational fields corresponding to large values of the AdS

energy scale kD, for points not too close to the brane the parts in the VEVs induced by

the brane behave as kD±1
D e−2νkD(y−a) with upper/lower sign corresponding to the energy-

momentum tensor/field square. In this case the relative contribution of the brane induced

effects are exponentially suppressed with respect to the free AdS part.

As an application of the general results, in section 5 we have considered a simple model

with flat spacetime in the region inside the brane. The corresponding surface energy-

momentum tensor on the boundary of the brane is obtained from the matching conditions

and has the form given by eq. (5.3). The brane induced parts of the exterior VEVs in this

model are obtained from the general results by taking the function in the coefficient of

the tilted notation from eq. (5.7). We have also investigated the vacuum densities inside

the brane. Though the spacetime geometry inside the brane is Monkowskian, the AdS

geometry of the exterior region induces vacuum polarization effects in this region as well.

In order to find the corresponding renormalized VEVs of the field square and the energy-

momentum tensor we have presented the Wightman function in the interior region in

decomposed form (5.23). In this representation the first term on the right is the Wightman

function in the Minkowski spacetime orbifolded along the direction perpendicular to the

brane and the second one is induced by the AdS geometry in the exterior region. The

corresponding parts in the VEVs of the field square and the energy-momentum tensor are

given by formulae (5.31), (5.41), (5.42) and are investigated in various asymptotic limits

of the parameters. For a massless conformally coupled scalar field these parts vanish. In

the general case of the curvature coupling parameter, the corresponding radial stress is

uniform inside the brane and determine the interior vacuum forces acting on the boundary

of the brane. The results of the numerical calculations plotted in figures 5, 6 show that

for both minimally and conformally coupled scalar fields these forces tend to decrease the

thickness of the brane. When the brane thickness tends to zero, from the formulae of the

model with flat interior the corresponding results in the RS 1-brane model are obtained.
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